SYMMETRIES OF CENTER SINGULARITIES OF 
PLANE VECTOR FIELDS 
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Abstract. Let D 2 c R 2 be a closed unit 2-disk centered at the 
origin O £ I 2 , and F be a smooth vector field such that O is a 
unique singular point of F and all other orbits of F are simple 
closed curves wrapping once around O. Thus topologically O is a 
"center" singularity. Let 9 : D 2 \ {O} — ► (0, +00) be the function 
associating to each z ^ O its period with respect to F. This 
function can be discontinuous at O. 

Let T> + (F) be the group of all diffeomorphisms of D 2 which 
preserve orientation and orbits of F. Under assumption that 9 
smoothly extends to all of D 2 we prove that V + (F) is homotopy 
equivalent to the circle. 



1. Introduction 

Let D 2 C I 2 be a unit 2-disk centered at the origin O e IntD 2 and 
F be a C°° vector field with the following properties: 

(Tl) F is tangent to dD 2 ; 

(T2) O is a unique singular point of F; 

(T3) all other orbits of F are closed. 
Then it is easy to find a homeomorphism 
(1.1) h:D 2 -*D 2 

such that for each orbit o of F its image h(o) is the circle of some 
radius c G (0,1] centered at origin, see Figure 11.11 Therefore we will 
call a vector field F on D 2 satisfying (T1)-(T3) a TC vector field and 
its singular point O will be called a topological center. 





Figure 1.1. 

TC vector fields often arise as Hamiltonian vector fields of local ex- 
tremes of functions on surfaces. For instance, let / : D 2 — ► [0, 1] be a 
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C°° function such that / = dD 2 , f 1 (0) = O, and O is a unique 
critical point of / (being a global minimum of /), see Figure \UI\, Then 



D 

o 

Figure 1.2. 

its Hamiltonian vector field F(x,y) = —f y -§^ + f' x -§^ is TC and / is its 
C°° strong first integral in the following sense. 

Definition 1.1. c.f. jCGGL] A C°° function / : D 2 -> R is a siron# 
/irs£ integral for F, if O is a unique critical point of / and the Lie 
derivative F(f) = 0, i.e. / is constant along orbits of F . 

Since F is C 00 , we can also assume that a homeomorphism h in (II. ip 
diffeomorphically maps D 2 \0 onto itself, though it may loose differ- 
entiability at O. In this case F has a continuous first integral on D 2 
defined e.g. by f(z) = \h(z)\ 2 . This function is C°° on D 2 \0 provided 
so is h, but / is not necessarily smooth at O. 

Denote by T> + (F) the group of C°° orientation preserving diffeomor- 
phisms h of D 2 such that h(o) = o for each orbit o of F . Let also 
V + (F,d) be a subgroup of T* + (F) consisting of diffeomorphisms fixed 
of 3D 2 . We endow V + (F) and V + (F,d) with the weak W°° Whitney 
topology. The aim of the present paper is to describe the homotopy 
types of V + {F) and V+{F, d). 

Let 9 : D 2 \ O — > (0, +oo) be the function associating to each z G 
D 2 \ O its period 9{z) with respect to F. We will call 9 the period 
function. Then it is easy to see that 9 is C°° on D 2 \ O, but it general 
it can not be even continuously extended to all of D 2 . 

Example 1.2. Let F(x,y) = —y-§^ J t~ x ^- Then 9 = 2n, and therefore 
it is C°° on all of D 2 . It follows from [MJ[M9] thatV + (F) is homotopy 
equivalent to S 1 . The generator of n 1 V + (F) is given by the following 
isotopy 

H : V + (F) x / -> V + {F), H(h,t)(z) = e 2nit h{z). 

Example 1.3. Let Qi, . . . , Q n : M 2 — > R 6e definite (that is irreducible 
over R J quadratic forms such that Qi / Qj ^ const /or i ^ j , 

f — Ql ■ • ■ Qn, 

and F(x,y) = —f y -§^. + f' x -§^ be the Hamiltonian vector field of f . 
If n > 2, then lim 9(z) = +oo, whence 9 can not be continuously 

z—>0 

extended to D 2 . Then, [M6J, T> + (F) is path- connected with respect 
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to W° topology. On the other hand in all others W r topologies (r > 1) 
the group tt V + (F) is (the same for all r > 1) non-trivial finite 
cyclic group of even order. Moreover, each path component of 
T> + (F) is contractible with respect to W°° topology. 

It turns out that these examples describe all the possibilities for 9. 
Actually the following theorem holds true: 

Theorem 1.4. Let F = F^ + F 2 -§^ be a TC vector field on D 2 and 
let 9 : D 2 \ O — > (0, +oo) be its period function. Then the following 
conditions are equivalent: 

(a) 9 smoothly extends to all of D 2 ; 

(b) the eigen values of the matrix 



VF = 



dF\ 


8F 1 


dx 


dy 


8F 2 


dF 2 


dx 


dy 



at O are non-zero purely imaginary; 
(c) there exists a C°° function (3 : D 2 — > M and a diffeomorphism 
g : (D 2 , O) -> (D 2 , O) such that (3(0) ^ and 

g*F = P(x 2 + y 2 ) (-y± + xf) + + Y^, 

\ ox ay J ox oy 

where X,Y e Flat(R 2 ,0). 

// either of these conditions fails, then lim 9(z) = +oo. 

The implication (a)=^(b) follows from |M7j . and (b)=^(c) from Tak- 
ens |Ta73j . 

A TC vector field satisfying one of the conditions (a)-(c) of Theo- 
rem 11.41 will be called PTC. This notation reflects periodicity of shift 
map, see 

The main result of this paper is contained in the following theorem: 

Theorem 1.5. If F is a PTC vector field on D 2 , then T> + (F) is homo- 
topy equivalent to the circle, and V + (F,d) is contractible with respect 
to W°° -topologies. 

Thus for PTC vector fields description of homotopy types of T> + (F) 
and V + (F, d) is the same as in Example 11.21 This result is a particular 
case of Theorem 12.21 

Remark 1.6. Suppose F has a C°° strong first integral / : D 2 — > [0, 1] 
being a surjective function. Then for each c G [0, 1] its inverse image 
/ _1 (c) is the orbit of F. It follows that each h G T> + (F) preserves 
/, i.e. / o h — f . Thus we can regard T> + (F) as the stabilizer S(f) 
of / with respect to the right action of the group of orbit preserving 
diffeomorphisms of D 2 on C°°(D 2 ,M.). 

There is a vast of results concerning diffeomorphisms preserving func- 
tions. Most of them deal with actions of compact Lie groups, see 
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e.g. |Sc75t IH80] . From this point of view Theorem 11.51 describes the 
(infinite-dimensional) group of all orientation preserving symmetries of 
/ but for a very specific case. This theorem will be used in another 
papers for the description of the homotopy types of stabilizers and or- 
bits of smooth functions on surfaces, which will extend results of [M2j 
on Morse functions. 

Notice that due to Takens |Ta73j (see (c) of Theorem ll.4p . a PTC 
vector field F is a "flat perturbation" of the vector field of Example II .21 
We prove that F is parameter rigid (see Claim 111. ip and using this fact 
give another proof that any C°° strong first integral / : D 2 — > R of F 
is a "flat perturbation" of a smooth function depending on x 2 + y 2 , 
see [%Yj : 

Theorem 1.7. Let F be a PTC vector field having a C°° strong first 
integral f : D 2 — > R. Then there exist C°° functions g : R — > R and 
fj, : D 2 — > R such that \x is flat at O such that 

ffa y) = g{% 2 + y 2 ) + ufa v)- 

Existence of first integrals for such PTC vector fields and the prob- 
lem of recognizing of TC integrals with non-degenerate linear part are 
studied in jEl O [Mol ED Q • See also [Ml Chapter 5, §4] for a 



review of the problem and references. 

The case of non PTC vector field, i.e. when lim 9{z) = +oo, will 

be considered in another paper, where it will be shown that under 
additional assumptions on F the description of T> + (F) and T> + (F, d) is 
similar to Example 11.31 

1.8. Structure of the paper. In §2 we recall the notion of the shift 
map of a vector field and formulate Theorem 12.21 

In 53hiS] linear parts of TC vector fields and diffeomorphisms pre- 
serving their orbits are studied. 

The idea of proofs of Theorems 11.41 and 12.21 is to reduce F to a 
certain normal form and then "blow up" the singularity at O by using 
polar coordinates. Therefore in £j6]we give conditions when a smooth 
functions, self-maps, and vector fields on D 2 yield the corresponding 
smooth objects in polar coordinates and vice versa. 

In §7] we recall the result of Takens |Ta73j about normal forms of 
vector fields on R 2 with "rotation as 1-jet". We also study the formulas 
for the flows of these vector fields with respect to polar coordinates. 

The rest of the paper is devoted to the proofs of Theorems 11.41 12.21 
andO 

1.9. Notations. Let / = (fi, ■ ■ ■ , f m ) : R n -> R m be a C°° map, 
K C R™ a compact subset, and k G {0} UN. Then the k-norm of f on 
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K is defined by 



in 




dx a ' 



where a = (a^, . . . , a n ), G {0} U N, and \a\ = Ym=i a *- ^ or a fi xe d 
fc the norm || • ||^ generate the weak W fe topology on C 00 (M n ,R m ). 

More generally, let A and B be smooth manifolds. Then for every 
r = 0, 1, . . . , oo we can define the weak W r - and the strong S r topologies 
on C°°(A, B), see e.g. [Hi]. We will assume that the reader is familiar 
with them. 

Let / G C°°(A,B), a G A, and k G N U {oo}. Then by j h f(z) we 
will denote the fc-jet of / at z. 

A subset X C C°°(A,B) will be called W r -open (W r -closed, etc.) if 
it is open (closed) with respect to the W r topology on C°°(A, B). Let 
also C and D be some other smooth manifolds, y C C°°(C,D) be a 
subset, and u : X — > y be a map. Then it will be called \N s,r -continuous 
(\N s,r -open etc.) if it is continuous (open) from W s -topology of X to 
W r -topology of 3^, {r, s = 0, 1, . . . , oo). 

Similarly, we can define S s,r -continuity, S s,r -openness of maps, and 
S r '-openness of subsets. 

Definition 1.10. We will say that u : X — > 3^ preserves smoothness if 
for any C7°° map # : A x M n -> 5 such that ff t = H(-,t) G A? for all 
i G K™ the following mapping 

: C7 x R" ■ -> D, u(H)(c,t) = u(H t )(c) 

is C°° as well. 

For instance, if / : A — > and g : C —>■ D are C°° maps, then the 



In this section we formulate Theorem 12.21 containing Theorem 11.51 
Let F be a C°° vector field of D 2 . Denote by £{F) the subset of 

C 00 ^ 2 ,/) 2 ) consisting of mappings h : D 2 — > D 2 having the following 

properties: 

• /i(u;) = for every orbit uj of F. In particular, /i(O) = O. 

• his local diffeomorphism at O preserving orientation, that is the 
tangent map Tph : TqD 2 — > TqD 2 is a non-degenerate linear 
map, and the Jacobian \J(h,0) \ ^ 0, [MTJ Cor. 21]. 

Let also £ + (-F, d) C £ + (-F) be the subset consisting of all maps ft, fixed 
on <9.D 2 , i.e. h(x) = x for all x G <9D 2 . 



mapping 



u : C°°(B,C) -> C 00 ^,/)), 
for a G C°°(A,5) preserves smoothness 



u(ar) = goao f, 



2. Shift map 
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Notice that 3D 2 is the orbit of F. Since, in addition, D 2 is compact, 
it follows that F generates a global flow F : D 2 xR ^ D 2 on D 2 . Then 
we can define the following map 

cp : C°°(-D 2 , R) C°°(D 2 , D 2 ), <p(a){x) = F{x, a{x)) 

where a G C°°(D 2 ,M.) and x G .D 2 . We will call <p the s/iz/t map along 
orbits of F, see jMT] . Denote by Sh(F) the image of <p in C°°(L) 2 , L> 2 ). 

Let V C -D 2 be a subset, a:V^la function, and h : D 2 ^ D 2 
a map. We will say that a is a s/ii/t function for /i provided that 
= F(z,a(z)) for all z 6 ^. In particular, 9 is the shift function 
for the identity map idr>2 on D 2 \ O. 

It is easy to see, [HH Cor. 21], that Sh(F) C Endow Sh{F), 

£ + (F, d), £ + (F), and £(F) with the corresponding weak W°° Whitney 
topologies. 

The following set ker(y?) = (/^(id^) will be called the kernel of shift 
map. It consist of C°° functions u : D 2 — > R such that F(z, //(z)) = 2 
for all z G -D 2 . It is shown in |Mll Cor. 6] that 

V( a ) = a + ker(^) 

for each a G C°°(D 2 ,M). 

Since the set {0} of singular points of F is nowhere dense in D 2 , it 
follows from [Mil Th. 12 & Pr. 13] that the shift map (p of F is locally 
injective even with respect W°-topology of C°°(D 2 ,R) and there are 
the following two possibilities for ker (</?): 

Periodic case. ker(</?) = {n/i} ne z for some C°° strictly positive 
function /i : D 2 — > (0, +oo). This function will be called the period 
function for (p. 

Non-periodic case. ker(ip) = 0, so (p is injective map. This case 
holds when F has at least one non-closed orbit, or the linear part, i.e. 
1-jet j l F(z) at some singular point z G D 2 of F vanish |M1[ Pr. 10]. 

Remark 2.1. In fact, it can be proved similarly to |Mll Pr. 10] that 
ker(<^) = provided only the eigen values of j 1 F{z) vanish. 

Moreover, in this case for any sequence of periodic points {zi} i£ ^ 
converging to z (if such a sequence exists) their periods tend to infinity. 



This remark will be used in the proof of Theorem 1.4 



Evidently, if F is a PTC vector field, that is its period function 
6 : D 2 \0 — > (0, +00) smoothly extends to all of D 2 , then ip is periodic, 
and 6 = u. 

Theorem 2.2. Let F be a PTC vector field. Then 

(1) Sh(F) = £+{F) and the map <p : C°°(D 2 ,R) -> £+(F) is an 
infinite cyclic covering map; 

(2) the inclusions V + (F) C £ + {F) and V+(F,d) C £ + (F,d) are 
homotopy equivalences; 

(3) T> + (F) and£ + (F) are homotopy equivalent to the circle; 
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(4) V + (F,d) and 8 + (F,d) are contractible. 

The proof will be given in £J9] 

2.3. Shift map of non-singular vector fields on IR 2 . We will also 
use the following statement. 

Lemma 2.4. Let M be either the plane R 2 or the half-plane HI and G 
be a vector field on M tangent to dM (in the case M = M.) and having 
no singular points. Suppose that G generates a flow G:MxR^M 
and let : C°°(M, R) -> C°°(M,M) be the shift map of M. Then its 
image Sh(G) coincides with £{G), and the map ip : C°°(M, R) — ► 8(G) 
is a S r,r -homeomorphism for all r > 0. 

Both maps maps ip and preserve smoothness. 

Proof. Let h G 8(G). Then for each x G M its image h(x) belongs to 
the orbit of x, whence there exists a unique number o~h(x) such that 
h(x) = G(x,a h (x)). The obtained shift function : M — > R for h is 
C°° on all of M and the correspondence h \— > o~h is the inverse map ip~ l 
of ip. 

Since G has no singular points, and IntM is homeomorphic with R 2 , 
it easily follows from the Poincare-Bendixson theorem, pPMj, that G 
has no closed orbits and each non-closed orbit of G is non- recurrent. 
Then it follows from [M9] that ip -1 is S r,r -continuous for each r > 
and preserve smoothness. □ 

3. Linearization of vector fields 

Let 

(3.2) F(x) = F 1 (x)-£- + --- + F n fr (> 



dx\ dx n 
be a smooth vector field on R n such that F(0) = 0. Then 

Fi(x) = anxi H h a in x n + o(||a;|| 2 ), % = 1, . . . , n, 

for some a^- G R. Regarding F as a map F = (Fi, . . . , F n ) : R n — > 
we can write the 1-jet j l F(0) of F at O as = Ax, where 



r, 



.4 







)■ ^1 









The matrix A as well as the corresponding linear map x i— > Ax will be 
denoted by V-F and called linear part or linearization of F at O. 

Let ft : (R n , O) — > (R n , O) be a germ of a diffeomorphism at O and 
if = J(h, O) be its Jacobi matrix of h at O. Then ft induces the 
following germ of a vector field 

KF = Tho F oh' 1 

at O called the pushforward of F by ft. 



8 



SERGIY MAKSYMENKO 



It easily follows that 
(3.3) VKF = H -VF ■ H' 1 . 

Lemma 3.1. Let F be a TC vector field on D 2 . Then the eigen values 
of its linearization VF at O are purely imaginary, i.e. Ai,2 = ±ib for 
some 6el. Hence by change coordinates V-F can be reduced to one of 
the following matrices: 

1 ( M 2 f M 3f 0( M 

L - \ -b 0/ i z - I I i °- I I i 

for some b > 0. Each of these matrices is realizable. 

Proof. Suppose that i?eAi ^ 0. Then there exists an orbit o of F for 
which O is a limit point. 

Indeed, if Re\2 ^ 0, then existence of o follows from Hadamard- 
Perron's theorem [R] IPel| lPe2l IPe3] . which was reproved and extended 
by many authors, see [HPS,, page 2] for discussions and references. 
Otherwise Re\ 2 = 0, and such an orbit o exists by center manifold 
theorem, e.g. [Lk\ |K | ICarrj . 

This gives a contradiction with the assumption that all orbits of F 
are closed. 

It remains to present examples of TC vector field with linear parts 
of types 1-3. Let p, q G N, f(x, y) = \{x 2v + y 2q ), and 

F(x, y) = -bqy 2 "- 1 — + bpx 2 ^ 1 — 
ox oy 

be the Hamiltonian vector field of /. Since O is an isolated local ex- 
treme for /, we see obtain that F is a PTC vector field. Then 

VF=(° b b ), p = q = l, 

VF = (g§), p=l,q = 2, 

VF = (88), p,q>2. 

Lemma is completed. □ 

Lemma 3.2. Let h : (D 2 ,0) — > (D 2 ,0) be germ of orbit preserving 
diffeomorphisms of a TC vector field F, i.e. h(o) = o for each suffi- 
ciently small orbit of F, H = J(h, O) be the Jacobi matrix of h at O, 
and /ii,/i2 be the eigen values of H. Then = |/i2| = 1. 

Proof. If \fii\ 7^ 1, then by center manifold theorem, e.g. |Carr j . there 
exists a point z G D 2 \ such that 



+ 0O 

(3.4) O G U h n {z). 

n=—oo 

Let o be the orbit of z. By assumption h(o) = o, whence f)3.4p implies 
that z = O, which contradicts to the assumption. □ 
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4. "Collinear" linear MAPS 

The aim of this section is to establish the following statement. 

Proposition 4.1. Let V be a linear space over a field F , dimV = n > 
2, and A, B : V — > V be two linear maps such that 

(i) B = HAH^ 1 for some linear isomorphism H : V — > V; 

(ii) for each x G V its images A(x) and B(x) are collinear, i.e. 
there exists /i x G F depending on x such that B(x) = /i x A(x). 

Denote by spA the spectrum of A. Then the following statements hold 
true: 

(Al) Ifr&nkA > 2, then B = tA for some r e F. In particular, 

AH = tHA. 

(A2) Suppose rankA = 1 and spA = {A,0} for some A ^ 0. Then 
there exists a basis in V in which 



(4.5) 



(4.6) 



A = 
for some b 2 , 



a o 
o o 



B 

•■■ 

. . , b n e F. Denote 



G 1 



A b 2 








b 2 /X b s /X ■ 


■ 6„/A\ 




1/A • 




(1 


1/A ■ 


■'-) 




■ 


■ 1/A / 



Then B = G\B = AG\, whence 

A-(HG 1 ) = (HG 1 ) 

i.e. A commutes with HG±. 
(A3) Suppose rankA = 1 and spA = {0}. 



(4.7) 



(4.8) 



in V in which 
A 





1 ■ 








Q 


63 


(• 


■ 


:!• 


B = 


(! 










■ 






V o 









A, 



Then there exists a basis 









for some q, 63, . . . , b n e F such that q 7^ 0. Denote 



G, 



1 





■ 


■ 





Q 


63 ■ 


• b n 








1/9 ; 


■ 








■ 


: l/q 



Then B = G^B = AG2, whence 

A-(HG 2 ) = (HG 2 )-A, 

i.e. A commutes with HG 2 - 

We need two lemmas. Let V, W be two linear spaces over a field F. 
For w G W denote by 

(w) := {tw : t G F} 
the one-dimensional subspace in W spanned by w. 
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Lemma 4.2. For any two non-zero linear operators A, B : V — > W 
there exists x G V such that A(x) 7^ and B(x) 7^ 0. 

Proof. Suppose that for each x G V at least one of vectors Ax or 
Bx is zero. Then ker A + ker B = V. Since A, B 7^ 0, there exists 
x G ker I? \ ker A and y G ker A \ ker 5. In particular, x, y are linearly 
independent, 

(4.9) A(x)^0, B(y)^0 } A(y)=B(x) = 0. 

But A(x + y) = A(x), B(x + y) = B{y) and by assumption at least one 
of these vectors must be zero, which contradicts to (14.91) . □ 

Lemma 4.3. Let A, B : V — ► W be two linear operators such that for 
each x G V the vectors A(x) and B(x) are collinear (possibly zero). 

(a) If B(x) = tA(x) 7^ for some x G V and r G F, then 

A(kerB) c (A(x)), B(kevA) c (B(x)). 

(b) If B(x) = tA(x) 7^ ; B(y) = vA(y) 7^ for some x,y G V 
and r, v G F such that A{x) and A(y) are linearly independent 
in W , then r — v. Moreover, in this case B = tA. 

Proof, (a) Evidently, it suffices to show that if B(z) = for some 
z G V , then A(z) = kA(x) for some k G F. 

By assumption B(x + z) = aA(x + z) for some a G F. Then 

A(x) + A(z) = A(x + z) = aB(x + z) = aB(x) + aB(z) = anA(x), 

whence A(z) = (an — l)A(x). 

(b) By assumption B(x + y) — (3A(x + y) for some j3 G F. Then 

A{x)+A{y) = A(x+y) = (3B(x+y) = (3B(x)+(3B(y) = (3TA(x)+(3vA(y), 

Since A(x) and A(y) are linearly independent, we obtain that (3 0, 
and (3t = (3v = 1, whence t — v. 

It remains to show that B(z) = tA(z) for any other z G V. 

If B(z) = 0, then we get from (a) that A(z) G (A(x)) n (A(y)) = {0}. 
By symmetry we obtain that A(z) = if and only if B(z) = 0. In 
particular, B(z) = tA(z) = for such z. 

Suppose A(z) 7^ 0. Then B(z) 7^ as well, and either A(x),A(z) 
or A(y),A(z) are linearly independent. Then as just proved B(z) = 
tA(z). ' □ 

Proof of Proposition I4.ll (Al) By Lemma fl~2l there exists x G V 
such that A(x) = tB(x) 7^ for some r G F. Since rankA > 2, there 
exist y G V such that A(x) and A(y) are linearly independent. Then 
by (b) of Lemma S3] A = tB. 

(A2), (A3) It is easy to verify that if A and B are given either 
by f|43|) or by fT4~7j) . Then B = GiB = AG U where Gi is given by the 
corresponding formula (14.61) or (14.81) . Hence B = HAH -1 = Gj l AGi 
and therefore (GiH)A = A(GiH). 
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We have to establish existence of representations (14.51) and (14. 7p . 

Suppose rankA = 1. Then by Jordan normal form theorem that 
there exists a basis (ei, . . . , e n ) in V in which A is given by the corre- 
sponding matrix (14. 5 p or (14.71) . Thus in both cases the image of A is 
spanned by vector e\. 

Notice that by (Al) ranki? = 1 and by (i) spB = spA Then it 
follows from (ii) that the image of B is also spanned by e\. Hence B 
is given by the corresponding matrix ( 14.51) or (14. 7p . 

It remains to show that we may assume in (14.71) that q ^ 0. 

Indeed, by Lemma l4~2l there exists a vector e 2 G V such that B(e 2 ) = 
qA(e 2 ) 0. 

Put e\ = A(e 2 ). Since rankA = 1, it follows that e\ generate the 
image of A, that is for each y G V there is a y G F such that A(y) = 
a y e\. In particular, e\ is eigen vector for A. But spA = {0}, whence 
A( ei ) = 0. 

Moreover, by (b) of Lemma 14.31 we also have that ranki? = 1 and 
from assumption (i) we get spi? = spA = {0}. Hence B(e\) = 0. 
Extends the vectors ei, e 2 to the basis (ei, e 2 , / 3 , . . . , f n ) of V. Then 
for each i — 3, . . . ,n there exists G F such that A(fi) = a^ex. Put 
e i — fi ~ oiiPi- Then (ei, e 2 , e 3 , . . . , e n ) is also a basis for V and 

A(ei) = A(fi) - A{a i e 2 ) = a i e 1 - =0, i = 3, . . . , n. 

Thus in the basis (ei, . . . , e n ) the matrix A is given by ( 14. 7ft . 

Moreover, it follows from (ii) that B{e.j) = bie\ for % — 3, . . . , n. Thus 
in this basis B is given by matrix of the form (14.71) with q ^ 0. 

Proposition 14.11 is completed. 

5. JACOBI MATRICES OF ORBIT PRESERVING DIFFEOMORPHISMS 

Theorem 5.1. Let F be a vector field of W n given by (13.21) . Sup- 
pose that the set of zeros of F is nowhere dense near O. Let also 
h : (IR n , O) — ► (lR n , O) be a germ of diffeomorphisms at O preserving 
foliation by orbits of F, i.e. there exists a neighbourhood V of O such 
that h(o fl V) is contained in some (perhaps another) orbit d of F . 
Denote 

A = VF, H = J(h,0). 
If rankA > 2 then there exist r G M such that 

AH = tHA. 

Suppose rankA = 1, so in some local coordinates A is given by one 
of the matrices ( 14. 5 p or ( 14.7ft . Then 

A ■ (Hd) = (HGi) ■ A, 

where Gi, (i = 1,2), is given by the corresponding matrices ( 14. 6 p 
or fll~HD - 



b n l 
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Proof. Consider the pushforward of F via h, i.e. 
(5.10) G = KF = Tho F oh- 1 . 

Let G = (£?i, . . . , G n ) be the coordinate functions of G. Then we can 
write 

Gi(x) = b a xi H h &i„.a; n + o(||x|| 2 ), i = 1, . . . , n, 

and thus j 1 (G)(x) = Sx, where 

B 

As noted in ( 13. 3ft 

B = HAH- 1 . 

Since h maps every orbit of F into itself, it follows that F and G are 
collinear at each z such that F(z) ^ 0. Hence 

Fi{z)Gj{z) = F^G^z), i.j 1 n. 

Therefore 

(a a xi H h a in x n + o(||x|| 2 )) (fyiZi H h &jn£„ + o(||x|| 2 )) = 

= (ajxX-L H h a in x n + o(||x|| 2 )) H h b in x n + o(||x|| 2 )), 

whence 

(a^i H h a in a; n ) (fyiXi H h fyn^n) = 

= (cLjiXx H h a jn x n ) (baXt H h b in x n ), i, j = 1, . . . ,n. 

This imlplies that A(v) and -B(u) are collinear for each tangent vector 
v G ToM n . Now the statement of Theorem 15.11 follows from Proposi- 
tion O □ 

Corollary 5.2. Let F be a TC vector field, F : D 2 x R —> D 2 be the 

flow of F , h : D 2 — ► .D 2 &e a germ o/ a diffeomorphism at O preserving 
orbits of F, i.e. h(o) = o for every orbit of F. Denote by H = J(h, O) 
the Jacobi matrix of h at O. Suppsoe that A = VF ^ 0. 

(1) If A = ( o ) f or some b ^ 0, then H coincides with one of the 
following matrices: 

I cr i i \ I cos bu) sin bu> \ I cos bu) sin bu) \ 

yo.LLj y — sinbw cos bu) ) ' \ smbu> — cos bu) ) 

for some uj G BL Hence in the first case j h(0) = j F u (0), i.e. the 
linear parts of h and F w at O coincide. 

(2) If A — ( (j $ ) /or some b ^ 0, then H coincides with one of the 
following matrices: 

(5.i2) (jt), {- ib _-) } (-!««), (jii) 

/or a certain unique uo G M. Again in the first case j x h{0) = j 1 F Ci; (0). 
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Proof. (1) Suppose A = ( ® b q) for some b 7^ 0. Then the Jacobi matrix 
of F t at O is given by 

7YTT i cos bt sinbt \ 

■ J \ r ti w ) — \ -sinW cosbt ) ■ 

Let H = J(h,0) = (° J) . By Theorem EEM = tHAH- 1 for some 
r^O. Since A is non-degenerate, we obtain det(A) = det(rH AH^ 1 ) = 
r 2 det(A), whence r = ±1. 

A direct calculation shows that 7 = r/3 and 5 = -ra, so 

tt _ ( a P \ _ / 2 , /d2\ / cosbw sin&uj ^ 
— V, — r/3 -ra I ~ \ a + P i I -rsin&w -rcosfw J 

for some a; G R. We claim that a 2 + (3 2 = 1. This will imply that if 
coincides with one of the matrices ( 15. lip . 

Indeed, it is easy to verify that the eigen values of H are given by 



01,2 



(a 2 + Z? 2 )^, t = 1 
iy/a 2 + (3 2 , r = -l. 



By Lemma [3.21 1 /xx | = I//2I = 1, whence a 2 + /3 2 = 1. 

(2) Suppose A — (q q), for some 7^ 0. Then the Jacobi matrix of 
F| at O is given by 

J r (F t ,o) = (5«). 

On the other hand, by (A3) of Proposition 14. II A commutes with matrix 
K = HG, where 

G = (01/9) 
is given by (14.81) for some q 7^ 0. 

Write K = ( " s ) . Then the identity = ii'A easily implies that 
5 = a and 7 = 0, soif = (^). Hence 

H = KG-i=(° Z)(hl) = (oS) 

Evidently, a and ag are eigen values of H. Then by Lemma [3.21 \ a\ — 
\q\ = 1, whence H coincides with one of the matrices ( I5.12p . where 
u = (3q/b. □ 

Let F be a TC vector field on D 2 . Denote by £ + (F)i the subset of 
S + (F) consisting of maps h such that j 1 h(0) = id. 

Suppose that A = VF 7^ 0. Then by Corollary 15.21 for each h G 
£ + (F), there exist wGR such that J{h,0) = J(F m O). Hence 

F^oh G £ + {F)i. 

Proposition 5.3. Suppose that A = VF 7^ 0. Then there exists a 
neighbourhood Af of the identity map id/52 in £ + {F) and a W 1 -function 
u : JV -»• R suc/i f/ia< j 1 /^) = ^^(O) /or eac/j h G and 
a;(id£>2) = 0. Hence we have a well-defined map 

H : £+{F) DAT^ £ + (F) u H(h) = F_ w(fc) o fc. 

TTiis function preserves smoothness. 



14 
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Proof. (1) Assume that A = (° b b ). Let p : R -> 50(2) be the covering 
map given by p(i) = ( _ c °f n 2 |^ ) for t G R. Then by Corollary EJ 
for each ft, G £ + (P) we have two maps 

g+{F) j^jwi so{2) ^_ R 

Since p is a local diffeomorphism, there exists a W 1 -neighbourhood Af 
of the identity map Af in £ + {F) on which the composition 

w = p - 1 oj 1 : jV-^M 

is well-defined and satisfies a>(id£)2) = 0. 

If h T is a family of maps in S + (F) smoothly depending on r G M. n , 
then evidently so does u>(h T ). This implies that u; preserves smoothness. 

(2) Suppose \A\ = but A ^ 0. Then by Lemma T3. II we can assume 
that A = ((] q), whence by Corollary 15.21 for each ft G £ + (P) its Jacobi 
matrix at O has one of the following forms 

(5.13) either ( J 6 f ) , or ( ^ ^ ) . 

Let Af be a subset of £ + (P) consisting of fa for which J(ft, O) = ( J 6 f ). 
It follows from fl5~T31 that Af is W 1 open in £ + {F). 

Define p : R -> GX(2,R) by p(t) = (J «) an d i et G = p(R) be the 
image of p. Then p : R — > G is a diffeomorphism. Now similarly to the 
case (1) for each h G A" we have the following two maps 

Af ^ J ^°\ G R . 

Then the inverse map to = p _1 o j 1 : Af — > R is well-defined. Evidently, 
it preserves smoothness and satisfies u(id D 2) =0. □ 

6. Polar coordinates 

Consider the plane R 2 with coordinates ((f), r). Let H = {r > 0} be 
the open upper half-plane, H = {r > 0} be its closure, and P : H — > R 2 
be the map defined by 

P(0, r ) = (r cos 0, r sin 0) . 

Thus (0, r) are the polar coordinates in R 2 . 

Identifying R 2 with C we can also define P : EI — > C by 

P(0,r) = re^. 

Let 7] : HI — > HI be given by 7/(0, r) = (0 + 27r, r). Then P = P o 77 
and thus 77 induces a P-equivariant Z-action EI such that P is a factor 
map M -> H/Z = R 2 . 

In this section we recall how to lift certain objects like functions, 
self-maps, and vector fields defined on R 2 to the corresponding objects 
on H via P. 
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6.1. Correspondence between flat functions. Let (7|°(H, R) be 
the subset of C°°(EI, R) consisting of all Z- invariant functions 5 : EI — > 
R, i.e. 

5(0 + 27r, r) = 5(0, r). 

Let also Flat z (H, <9H) C Cg°(H,R) be the subset consisting of all 
function flat on dM and Flat(R 2 ,0) C C7°°(R 2 ,R) be the subset con- 
sisting of all function flat at the origin O. 

Notice that for every 5 G Cg°(H, R) there exists a unique C°° func- 
tion a : R 2 \{0} — > R such that 5 = aoP. But in general, a can not be 
even continuously extended to all of R 2 . For instance, a is continuous 
if and only if 5 is constant on the 0-axis dM = {r = 0}. 

The following statement shows that a is actually C°° and flat at O 
whenever 5 is flat on dM.. Smoothness and flatness of a was shown 
in |Ta73} Lm. 5.3], and in |M4l Th. 5.1] continuity of the correspon- 
dence 5 i — * oz was treated. 

Lemma 6.2. [Ta73l Lm. 5.3], [Mil Th. 5.1]. There exists a W 00 ' 00 - 
continuous and preserving smoothness map 

fl : Flatz(H,0H) -> Flat(R 2 ,0) 

such that 5 = fl(5) o P for all 5 G Flatz(H, dM). Thus every smooth, 
Z-invariant, flat on dM function on H induces a C°° function on R 2 
flat at O. 

6.3. Correspondence between smooth maps. Let h : R 2 — ► R 2 be 

a continuous map such that /i _1 (0) = 0. Then h lifts to a certain map 
h : HI — > EI which commutes with 77 and satisfies h o P = P o h. Hence 
for each nGZ the map h o r] is also a lifting of /i. 

It is well-known that if h is at least of class C 1 , then h extends to a 
continuous map h : H — > H. Moreover, if /i is C 00 , then so is ft,. 

Our aim is to estimate continuity of the correspondence h 1— > ft. 

Let Map°°(R 2 ,0) be the subset of l7°°(R 2 ,R 2 ) consisting of maps 
ft : R 2 -»• R 2 such that 

• h(0) = O; 

• ft(R 2 \0)cR 2 \0; 

• j 1 h(0) = t ■ id for some r > 0. 

Let also Map°°(H, dM) be the subset of L7°°(e, H) consisting of maps 
ft : H -)■ H such that 

• ft is fixed on cffl; 

• ft(H) C H. 

Finally let Map^(H, dM) be the subset of Map°°(H, dM) consisting 
of Z-equivariant maps, i.e. maps commuting with Z-action on EI. In 
other words, ft = (<£>, R) G Map°°(H, «9H) belongs to Map^(H, <M) if 
and only if 

$(0 + 2vr, r) = $(0, r) + 2tt, ,R(0 + 2vr, r) = R((f), r). 
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The following statement claims that every h G Map°°(R 2 , 0) lifts to 
a unique h G Map^ > (H, dM) such that P o h = h o P and the correspon- 
dence h i — ► h is S^'^-continuous. 

Proposition 6.4. There exists a unique mapping 

lift : Map°°(R 2 ,0) -> Map^ (H, SH) 

s^c/i t/iat P o lift(/i) = ho P for h G Map°°(R 2 , 0). 27ms map preserves 
smoothness and is S k+l,k -continuous for each k > 0. 

Proo/ Let ft, = (X,Y) G Map°°(R 2 , 0). We have to construct a C°° 
map h : H — > EI fixed on <9H and such that P o h = h o P. 
By assumption j l h(0) = rid for some r > 0, i.e. 

X(x,y) = tx + xai + yct2, 

(6.14) 

Y(x,y) = ry + xfc+yfo 

for some C°° functions a i} : R 2 — >■ R such that ojj(O) = $(0) = 0. 
These functions are not unique and, for instance, they can be given by 
the following formulas, e.g. [HiJ: 
(6.15) 

i i 
a x (x, y) = J |f (tx, y)dt - r, a 2 (x, y) = J % (0, t?/)dt. 

o 

1 i 



frfo y) = / f (tx, y)dt, &(x, y) = / % (0, ty)dt - r. 

Hence 







XoP(0,r) = r cos0 + rA(0, r). 
FoP(0,r) = r sin + rP(0, r), 



where 
(6.16) 



A(0,r) = cos0 • ai o P(0, r) + sin0 ■ «2 o P(0, r), 

B(cj),r) = cos • Pi o P(0, r) + sin • /3 2 ° P(<p,r). 

It follows that A and B are C°°, Z-invariant, and vanish on dM, i.e. 
0) = B(<f), 0) = for all cf> G R. 
Since P : HI — > R 2 \ {0} is a covering map, there exists a C°° map 

g = ($,P) : H^H 

such that P og = h o P. In other words, 

R((j),r) cos$(0, r) = XoP(0, r), 

P(0, r) sin$(0, r) = FoP(0,r) 

for r > 0. This map is not unique, commutes with rj, and can be 
replaced by g o rj n for any ?i6Z. 
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Then for each O G R we get that 

P cos($ - O ) = ° P ■ cos 0o + Y o P • sin O = 
= rcos(0 - O ) + r), 

P sin($ — O ) = F o P • cos O - X o P ■ sin O = 
= rsin(0 - O ) + rPi(0, r), 

where 

(6.17) Ai = A cos 0o + B sin O , Pi = Pcos0 o — Asin0 o . 

Again A\,Bi : H — ► R are C°°, Z-invariant, and vanish for r = 0. 
Consider the following two functions: 

sin(0 - O ) + rPi(0, r) 



$ 0o (0,r) = 0o + arctg- 



cos(0 - O ) + rAi(<j>, r) ' 
(6.18) 

~ r cos(0 - O ) + rA 1 (0, r) 

^M^ 7 ") = ^ 71 \ — J7 — • 

cos($ 0o (0,r) - O ) 

Evidently, there exist a, b > such that $<^ and P^ are well-defined 
and C°° on the following neighbourhood 

y<h = [^o - a, 0o + a] x [0, 6] 

of (0o, 0) in EL 

Moreover, the map /i^ = ($^ , P^ ) : V^, — > EI is a lifting of h in the 
sense that P o ft 0o = h o P : P _1 (^o) ^ r2 -_ 

Also notice that /i^ o (0, 0) = (0,0), i.e. /i^ is fixed on H V^,. 
Therefore for distinct O , 0i G R the lifting ft,^ and ft^ coincide on 
V^, fl V^j flcffl whenever this intersection is non-empty. Hence h^ = 
on all of V^ fl Vfa . 

This implies that the partial maps /;.0 O , (0 O G R), define a unique 
C 00 lifting of h fixed on 9H. 

Finally, it follows from (16.181) and Z-invariantness of A\ and B\ that 
h is Z-equivariant. Thus h G Map^H, QH) and we define 

lift(/i) = h. 

It remains to verify S fc+1 ' fc -continuity of lift. 
Consider the following sequence of correspondences: 

ft i — ► (otij,Pij)i,j=i? i — ► (A-B) 1 — ► (A x ,Bi) i — ► hfo. 

The first one expresses on and $ via the first partial derivatives of the 
coordinate functions of h. All others are just compositions of smooth 
maps. It follows that for each integer k > there exists a constant 
C = C(0o, k) > depending only on O and k such that 

(6-19) Ife-M^ < C|^-^lpti)> 
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for every h! £ Map°°(IR 2 , 0) and its lifting h!,. 

Claim 6.5. Let K C EI be a compact subset and k > and L = P(K). 

Then there exists C > all depending on K and k such that 

\\h' -h\\ k K <C\\ti -h\\ k L +1 
for each h' £ £%(G). Hence lift is \N h+1,k -continuous. 

Proof. Put K = [0,2tt] n [0, +oo) f) U r) n (K), see Figure E3 

n=— oo 

Since /i is Z-invariant, we have that 

\W -H)< = \W -h\\\ 

for any h! £ Map^ D (EI, <9H), where || • |||- is the usual C fc -norm of a map 
on a compact set K, see [Hi] . 

n K 



-In 2iz 4k 
Figure 6.3. 



>- 



Therefore it suffices to consider the case when K C [0, 2tt] n [0, +oo). 
Then there exist finitely many values (pi, ... , <p m £ [0, 2ir] such that 



ifnffl c u Vfr. 

i=l 



Denote K = K n U V^, and K x = \ V. 

Put L = P(K)*~L = P(K ), L x = P{K{). Then by there 
exists C > such that 

(6-20) ||#-/te < CoH/i'-Zill^ 1 , 

Moreover, since P homeomorphically maps K\ onto L 1; there exists 
Ci > such that 

(6.21) W-H k Kl < \\h'-h\\ k Ll , 

Put C = max{C , Ci}. Then 

W -h\\ k K < C \\h' - h\\ k L +1 . 

Claim 16.51 is proved. □ 

To prove S fe+1,A: -continuity of lift take any countable locally finite 
cover /C = {Ki} iGN of the strip S = [0, 2tt] x [0, +oo) by compact 
subsets. Denote K\ = rf{Ki) and Li = P(iQ). Then 
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is a locally finite cover of EI and C = {Lj} i6 pj is a locally finite cover of 
IR 2 . 

For each i G N take any £j > and let Denote 

Kf={h'e£+{G) : \\h'-~h\\ k Kj <£*}. 

Then A/" is a base S fc -neighbourhood of h in £^((7). 

It now follows from Claim |6~51 that for each i G N there exists 5j > 
such that if - < 5, for /i' G S + (F), then 11^' — /ill* ^ < e< for 

any j G Z. 
Notice that 

tf = {h'e£ + (F) : H/i'-Zill^ 1 < 5,} 

is a S fc+1 -neighbourhood of h in £ + (F), and lift (AT) C A/". This implies 
S fc+1,fe -continuity of lift. □ 

6.6. Lifting of vector fields. Let F = F x -^ + F y -^ be a vector field 
on IR 2 . Since P is a local diffeomorphism of H onto M 2 \ {O}, F induces 
a certain vector field G = G^,-^ + G r -^ on HI such that TPoG = FoP, 
i.e. the following diagram is commutative: 

TH T(M 2 \ O) 



G 



H — IR 2 \0 

It easily follows, see e.g. |M4j . that coordinate functions on F and G 
are related by the following identity: 

(a 99 \ ( G A _ (~\ sin \ cos <A f^oi 3 

l ° ] \G r ) ~\ cos0 sin0 J \F y oP 

We will say that G is the expression of F in polar coordinates or the 
lifting of F. 



7. Vector fields on M 2 with a "rotation as 1-jet" 

7.1. Normal forms. We recall here the results of F. Takens [Ta73| 
about normal forms of singularities of vector fields on R 2 with a "rota- 
tion as 1-jet" . 

Let F = Fxjfe + F 2 -§y- be a vector field on D 2 and 



(7.23) VF = 

Denote by Ai and A 2 the eigen values of VF at O. 



dF\ dFi 

dx dy 

dF 2 8F 2 

dx dy 
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Theorem 7.2. |Ta73j . Suppose that Ai,A2 are non-zero purely imag- 
inary, i.e. A1.2 = ±zV for some u > 0. Then there exists a diffeomor- 
phism g : (D 2 ,0) — > (D 2 ,0) such that either 

(7.24) 9tf G{x, y) = (3{x 2 + y 2 ) ( -(y + ?)— + (x + X) ° 



dx dy 
where (3 is a C°° function, 0(0, 0) ^ 0, X, Y G Flat(M 2 , O), or 



(7.25) g*G{x,y)=P(x,y) 



o 9 n d 
-2-Ky— + 2%x— + 
ax ay 



w/iere / zs a C°° function, (3(0, 0) = 1, 5 = ±1, fceN, and «6R. 
Vector fields and (I7.24p and (I7.25P are not C°° equivalent. 

For instance the following vector field 
d d 

Fix, y) = —vy— — h vx— — V ■ • ■ terms of high order • • • . 
ox ay 

satisfies assumptions of this theorem. 

C^-equivalence classes of such vector fields were studied in [B]. 

7.3. Expressions in polar coordinates. Our aim is to show that a 
vector field of type (I7.25P does not admit a strong first integral, see 
Corollary 17.61 We need for this the expressions of (17.241) and (I7.25P in 
polar coordinates, see also [AYj . 

Lemma 7.4. Let 

(7.26) F 1 (x, y) = -(y + Y ) A + {x + X )-^, 

where X, Y G Flat(IR 2 ,0). Then its expression in polar coordinates is 
the following vector field: 

(7.27) G 1 (0,r) = (l + $)^ + i?|-, 

where ®,R G Flat z (H,dH). 
Lemma 7.5. Let 

d d 
F 2 {x, y) = -2ny— + 2nx—+ 



where 5 = ±1, k G N, ana 1 a G ffi. Taen zfo expression in polar 
coordinates is the following vector field: 

(7.28) G 2 (0, r) = 2tt|- + r 2fc+1 (<5 + ar 2k )^. 

od) or 
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These lemmas are direct consequences of ( I6.22p and we leave them 
for the reader. 

It follows that Gi and G2 are C°° on all of M, tangent to dM, and 
have no singular points. 

Corollary 7.6. The origin O is the limit point for each orbit of F 2 
passing sufficiently close to O. Hence every function f : R 2 — ► R which 
is constant along orbits of F must be constant near O. 



Proof. Denote a( 



5 + ar 2k . Then a is non-zero on some neigh- 



bourhood of dM, whence the following vector field 
_ 1 _ 2-nd 2k , 1 d 
a a d(p dr 

is C°° and has the same orbit structure as G 2 . It is now evident, that if 





Figure 7.4. 

r > is sufficiently small, then for each <fi £ R, the orbit of the point 
z = ((f), r) tends to dM when t — > —00. Therefore the orbit o = -P(o) of 
the point P(z) = re^ tends to O, see Figure EH □ 



7.7. Flat perturbations. Let G be a vector field on H given by (17.271) : 

G(0,r) = (l 



^ dd)^~ dr' 



where R e Flat(H, 9H). Then it is easy to see that G is tangent to 
dM and has no singular points on some neighbourhood of dM. 
For simplicity assume that G generates a global flow 

G = ($ 1 R):Exf^i. 

Lemma 7.8. Suppose that h = ($, R) £ /ias a shift function a 

with respect to G. Then 

(7.29) $(0,r) = + ?(0,r)+^(0,r), 

(7.30) %,r)=r + £ r (0,r), 

w/jere f ,f r £ Flat(H,9H). 

T/ie coordinate functions of G /iai> e i/ie following form: 

(7.31) *(&r,t) =<j> + t + fit(<l>,r,t), 

(7.32) R(0,r,t) = r + /x r (0,r,t), 

where ^,/i r :HxlR^R are C°° functions flat on dM x R. 
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If, in addition, <b,R : EI — > IR are TL-invariant and h G £%(G), then 
Z,U,£r e Cf(H,R). 

Proof of (17.291) . Notice that G defines the following autonomous sys- 
tem of ODE: 

— = 1 + $ — = R 

Let h = ($,-R) G £ + (G) and z = (0, r) G EL If r is sufficiently small, 
then the shift function for h near z with respect to G can be calculated 
by the following formula: 

(7.33) 5(0, r)= / g = / f * Ur) ' As 



1 + $(s, r) / / l + $(s,r 



$(0,r) -0 + 6(0, r) 



Evidently, ^ is C 00 . Moreover, since 5> is flat on <9H, it follows that so 
is This proves (I7.29p . 

Proof of (I7.3ip and (17.321) . Applying the previous arguments to G t 
and its shift function t, we obtain: <fr(0,r, t) = + t + //^,(0,r, t), where 



t) 

Moreover, 



$(s, r) (is 



1 + $(s, r) 



/i r (0,r,t) = R(0,r,t) -r = ^ #(#(0, r, s), R(0, r, s))ds. 

o 

We claim that and /i. r are flat on dM x IR, i.e. at each point (0, 0, t). 
Indeed, since $ is flat on <9H, it is easy to see that for any a, b, c > 

(7-34) g^ = E^>^)+E 7 



(7-35) ajLn *1 = > ;7,(0,r,t) + > ; / *,(«,r)<fc 



90° <9r b at 



t 

^ 7fc (0,r,t) + ^ y 

fe I Q 



where each sum is finite and aj, 7^, 5; are linear combinations with 
smooth coefficients of partial derivatives of $ and -R up to order a+b+c. 
This implies that (17. 34ft and (I7.35P vanish for r = since $ and R are 
flat on dW. Hence /i^, and /z r are flat on dM.. 
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Proof of (17.301) . Since \i r is flat at each point (0, 0, r), it follows that 
£ r (0, r) = R((j), r) - r = R(0, r, a(0, r)) - r = /i r (0, r, a(0, r)) 
is flat at (<p, 0). 

Verification of 'L-invariantness. Suppose that h G £%(G), so 
$(0 + 2vr, r) = $(0, r) + 2vr, R{<p + 2vr, r) = R((j), r). 
Then it is easy to show, see |M4l Lm. 6.1], that the functions 
$-0 = 5 + ^, R-r = £ r 

are Z-invariant. 

If in addition <&,R are Z-invariant, then $(s + 2n,r) = $(s,r) and 
it follows from (17. 33ft that 



4>((/>+27r,r) _ r)+2?r 

r) (is /" $(s,r)(is 



substitute 
s = s' + 2vr 



l + $(s,r) 7 1 + $(s,r) 

2tt </>+2tt 

$(0,r) _ $(</>,r) _ 

/" $(>' + 2vr,r)ds' /" $(s',r)ds' 



7 1 + $(s' + 27r,r) J l + $(s',r) 

whence a is also Z-invariant. □ 

8. Proof of Theorem 11.41 

(a)=^(b) Notice that property (b) depends neither on a particular 
choice of local coordinates at O nor on a reparametrization of F. More 
precisely, let h : (-D 2 , O) — > (D 2 , O) be a germ of diffeomorphism at O 
and (3 : D 2 — > R \ {0} be everywhere non-zero C°° function. Denote 
G = h*(/3F). Let also A = J(h,0) be the Jacobi matrix of /i at O, 
and let A 1; A 2 be the eigen values of the matrix VF(O). Then by (13. 3p 

VG(0) = f3(0) ■ A-VF(0)-A-\ 

Hence the eigen values of VG(O) are (3{0)\i and /3(0)A 2 . Therefore 
F satisfies (b) iff so does G. 

Suppose now that the period function 9 : D 2 — > (0, +oo) is smooth 
on all of D 2 . Then F(z, 9(z)) = z for all z G D 2 , i.e. 9 G ker(^) ^ {0}. 
Thus ip is periodic, whence 1-jet of F at O is non-zero, (see paragraph 
before Remark 12. II) . 

Consider the following vector field G = 9F. Let also G : D 2 x R — > 
L> 2 be the flow of G. Then by [MZ] G(z, 1) = z for all z G £> 2 , i.e. 
Gi = id£>2. Hence G induces the following smooth circle-action D 2 : 

Y:D 2 x S 1 -> -D 2 , e 2 ™*) = G(z, t), 
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where S 1 is regarded as the group R/Z. Then on the tangent space 
TqD 2 we obtain a linear circle action induced by TpGf This action is 
non-trivial since = 9(0) ■ j x F ^ 0. Thus we obtain a monomor- 
phism S 1 -> GL(2,R) = Aut(T P> 2 ). 

Since every circle subgroup in GL(2,R) is conjugate with SO(2), 
there exists a linear automorphism h : R 2 — > R 2 such that 

, o Gf o h - W) = . Q + 0i( ^), 

whence 

h*G(x, y) = —y— — I — x— — h • • • terms of high order • • • . 
ox ay 

Notice that V/i*G(0) = (\~$) and its eigen values are ±i. As noted 
above the eigen values of VP(O) are ±i/9(0). 

(b) =>(c) In this case F satisfies assumptions of §7] and therefore can 
be reduced to one of Takens' normal forms either (17.241) or (17.251) . But 
by Corollary 17.61 in the case (I7.25P F has non-closed orbits near O, 
which contradicts to the assumption. Thus by reparametrization and 
change of coordinated F can be reduced to the form ( 17.241) . 

(c) =r>(a) Let T)(4>, r) = (<f) + 27t, r). This map is a lifting of the identity 
map idr>2. Since each regular orbit o of F is a simple closed curves 
wrapping around the origin, it follows that P _1 (o) is diffeomorphic 
with R 1 , and in particular it is an orbit of G. Since P o rj = P, 
we obtain i]~ 1 P~ 1 (o) = P _1 (o), i.e. rj preserves orbits of G. Hence 
r] G £%(G). Then its shift function is given by 07. 33ft : 

(f>+2n 

J l + $(s,r) 

for some £ G Flatz(H, 9H). By Lemma I6.2I £ = £ o P for some £ G 
Flat(R 2 , O). Therefore 9 = 2ir + £ is a C°° period function for the shift 
map <p. 

Finally, suppose that condition (c) violates. Then it follows from 
Lemma 13.11 that ion some local coordinates at O the linear part of F 
is equal to the matrix A = ((jo) f° r some e 7^ 0. But the eigen values 
of A are zero, whence by Remark 12. II lim 8(z) = +00. Theorem 11.41 is 

z—>0 

completed. 

9. Proof of Theorem 12.21 

Suppose that the period function 9 : D 2 — > (0, +00) for F is smooth 
on all of D 2 . Then for each a G C°°(D 2 , R) we have that 

(9.36) f' 1 o ip(a) = {a + n9} n£Z . 
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(1) We will show that Sh(F) = S + (F), and that the mapping 

(p : C°°{D 2 ,R) -> Sh{F) = £ + {F) 

is W^'^-open. This will imply that by [M9 J that ip is either a homeo- 
morphism onto S + (F) or a Z-covering map. But due to (I9.36P (p is not 
injective, whence it is a Z-covering map. 

Moreover, by results of |M9j . for the proof of W°° ,00 -openness of ip it 
suffices to construct a local inverse of (p defined only on some (arbitrary 
small) W°°-neighbourhood Af of the identity map id^ in £ + (F). 

Also notice that by [M7] the image Sh(F) of the shift map <p and the 
openness property of ip are invariant with respect to the reparametriza- 
tions, that is multiplications of F by smooth everywhere non-zero func- 
tions. Hence due to (d) of Theorem II .41 we can assume that F is given 
by the following formula: 

(9.37) F(x, y) = -(y + Y)^- + (x + X)-jL, 

with X,Y G Flat(M 2 ,0). 

Then F lifts to the following vector field 

G(*,r) = (l + *)A + Jl|, 

with $,R G Flat(H, dB). 

We need the following statement which will be proved in §101 Recall 
that we denoted by S + (F) 1 the subset of £ + {F) consisting of maps h 
such that j l h{0) = id. 

Proposition 9.1. There exists a W 00 ' 00 -continuous map 

a : S + (F) 1 -> L7°°(D 2 ,M) 
which is a section of ip, i.e. 

h{z) = F(z, a{h){z)), h e £ + {F) x , z e D 2 , 
satisfies a(id D 2) = 0, and preserves smoothness. 

Assuming this statement is proved let us show that Sh(F) = S + (F). 

We have that Sh(F) C £ + {F). Conversely, let h G £ + {F). Then 
by Corollary 15.21 there exists w 6 M such that h\ = F_ w o h G £ + (F)i. 
Then it is easy to see that the function a = u + a(hx) is a shift function 
for h. Hence Sh(F) = £ + {F). 

Now by Proposition 15.31 there exists a W 1 neighbourhood J\f of h in 
£ + {F) on which the composition 

o o H : M -> C°°(D 2 , R), a o = + a(F^ w o /i) 

is a W^'^-continuous and preserving smoothness local inverse of tp. 

(3) Since C°°(D 2 ,M.) is a contractible Frechet manifold and (p is a 
Z-covering map, it follows that £ + (-F) is homotopy equivalent to S 1 . 
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(4) Let us show that £ + {F, d) is contractible. Denote by A the subset 
of C°°(-D 2 ,IR) consisting of functions vanishing on dD 2 . 

Claim 9.2. ip yields a W 00 ' 00 -homeomorphism of A onto £ + (F,d), 
whence £ + {F,d) is contractible. 

Proof. Evidently, cp(A) C £ + {F,d). Conversely, let h G £ + {F,d) and 
a be any shift function of h, so h(z) = F(z, a(z)). Then tp~ l {h) = {a + 
n9} n< zz, where 6 is the period function of (p. Recall that 9(z) = Per(z) 
for all z 7^ 0. Since h is fixed on dD 2 , it follows that ajao 2 = n &\dD 2 
for a unique n G Z. Hence a' = a — n# is a unique shift function of ft 
which vanishes on <9.D 2 , i.e. belongs to A. 

This implies that <p yields a bijection of A onto 9). Since in ad- 

dition ip is a local homeomorphism, it follows that it homeomorphically 
maps A onto £ + (F, d). □ 

(2) Consider the following subset of C°°(D 2 ,R): 

r = {a G C°°(D 2 ,R) : F(a) > -1}. 

Then by [Ml] T = and the restriction Lp\ r : T — > V + (F) is 

a Z-covering as well. Evidently T is convex, and therefore contractible. 
Hence is homotopy equivalent to if? 1 . 

Moreover, homeomorphically maps the following convex set r D A 
onto S + (F,d). Whence £ + (F,d) is contractible as well. 

This completes Theorem 12.21 modulo Proposition 19.11 

10. Proof of Proposition 19.11 

Let h G £ + {F)\. First we will explain how to construct o and then 
show its continuity. 

Notice that 8+(F)i C Map°°(lR 2 , 0). Then by Proposition El there 
exists a lifting h = lift(/i) G Map~(H, dE). Let h = R) be the 
coordinate functions of h. 

Claim 10.1. Iift(£ + (F)) C ££(G). In particular, h G ££{G). 

Proof. Let o be the orbit of G. We have to show that h{o) C o. 

Notice that o = P(o) is the orbit of F, and o = P _1 (o), that is the 
inverse image of o is connected. Moreover, h(o) = o, whence 

Poh(5) =hoP(Z) = h{o) = o. 

Therefore h(o) C P _1 (o) = o. □ 

Now by Lemma 12.41 there exists a unique C°° shift function a of h 
with respect to G. Moreover, by Lemma \7. 81 cr is Z-invariant. We have 
to show that a = a o P for some C°° function a : D 2 —>■ R. Then a will 
be a shift function for h. 

Again by Lemma 17.81 

a = $(0,r) -0 + ^(0, r), 
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where £ G Flatz(H, dM), i.e. it is Z-invariant and flat on <9HL Then 
by Lemma 16.21 there exists a C°° function £ G Flat(M 2 , O) such that 
£ = £ o P. Therefore we have to show that there exists a C°° function 
v G l7°°(P 2 ,M) such that 

(10.38) $(0,r) -0 = 7 oP(0,r). 

Lemma 10.2. Regard h as a smooth function h : P 2 — > C. T/ien i/iere 
exists a smooth function 7 : D 2 — ► C satisfying (110.381) and suc/i i/iai 
/i(z) = 27(2) and 7(0) = 1. 

Moreover, the correspondence h 1— > 7 zs a S 00 ' 00 -continuous and pre- 
serving smoothness map S + (F) — > C°°(P 2 ,C). 

Proof. Notice that 7(2) = h(z)/z is a smooth map 7 : D 2 \0 — > C\{0}. 
We have to prove that it smoothly extends to a map P 2 — ► C. 
We will only show that 

(10.39) hh = zz + t{z), 

where ( : D 2 — ► C is a smooth map being flat at O. Then smoothness 
of 7 at O will follow by the arguments similar to the proof of [Mil 
Lm. 31]. 

Let z = re* = P(0, r) and h = ($, R) = \\ft(h). Then 

hh(z) = P 2 (0, r) =B= (r + £ r (0, r)) 2 = r 2 + C(0, r) = ^ + C(0, r), 

for some £ G Flat^(H, 9H). By Lemma 16.21 ( = ( o P for some 
C G Flat(M 2 ,0), whence = 22 + ((z). This establishes (fT0~3"91 

and smoothness of 7. Continuity of the division h 1— > 7 is implied by 
compactness of P 2 and the following lemma being a very particular 
case of results of |MoS85j : 

Lemma 10.3. |MoS85j . Let Z : C°°(C,C) -> C°°(C,C) 6e tfae W- 
tiplication by z" map, i.e. 

Z( 1 )(z)=z 1 {z), 7eG°°(C,C), zeC. 

Denote by imZ the image of Z in C°°(C, C). T/ien Z is infective and 
the inverse map Z~~ x : imZ — > C°°(C,C) S 00 . 00 continuous. 

Let us prove (110.381) . Since 7 7^ on P 2 and P 2 is simply connected, 
there exists a unique smooth function T : D 2 — > R such that T(0) = 0, 
and 7(2) = \^{z)\e lV ^ z \ 

Let 2; = re* G P 2 . Then h o P(0, r) = P o /i(0, r) implies that 

Pe i5( ^ r) = /i(re^) = 1 (re*) re'* = |7(z)|re i(r(rel ' )+<w . 

Hence 

$(0,r) - = r(re^) + 2vm 
for some n G Z. In order to find n put r = 0, then 

27m = $(0, 0) - - r(O) = 0- + = 0, 
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whence n = 0. □ 

Hence a = 7 + £ is a C°° shift function for fa- 
it remains to note that the correspondences fa 1— > 7 and fa 1— > £ are 

W^'^-continuous and preserving smoothness by Lemmas 16.21 and 110. 21 

Theorem 12.21 is completed. 

11. Proof of Theorem 11.71 
We have to find a C°° function g : R — ► R such that 
rf(x,y)=rg(x 2 + y 2 ), 

where j°° means oo-jet at O. 

Recall that a vector field F is parameter rigid if for any other vector 
field F' such that every orbit d of F' is included in some orbit of F, 
there exists a C°° function v : D 2 — > R such that F' = z/F, see |Sa07l 
IMS] . 

Claim 11.1. F zs parameter rigid. 

Proof. We have that Sh(F) = S + (F) and that local sections of t/> 
preserve smoothness. These two assumptions imply parameter rigidity 
of F by results of [M3]. □ 

Choose local coordinates at O in which F is given by (17.261) . Let also 
F'(x, y) = ~f'y~§^ J rf'x~§ y ~ be the Hamiltonian vector field of /. Then by 
parameter rigidity of F there exists a C°° function v : D 2 — > R such 
that 

(11.40) f' x (x, y) = (x + X) v(x, y), f y {x, y) = (y + Y) v(x, y). 
Hence 

(ii-4i) x-rf y = yrf x - 

Lemma 11.2. Let p be a non-zero homogeneous polynomial of degree 
n in two variables satisfying the following identity: 

(11.42) xp' y = yp x . 

Then n = 2k is even and p(x, y) = a(x 2 + y 2 ) k for some a G R. 

Proof. Since p is homogeneous of degree n, it satisfies the following 
Euler identity: np = xp' x + yp' y . Hence 

nxp = x p x + xyp y = x p x + y p x = {x +y )p x . 

Therefore either n = and p is a constant, or p(x, y) = (x 2 + y 2 )q(x, y) 
for some homogeneous polynomial of degree n — 1. We claim that q 
satisfies xq' y = yq x . Indeed, 

P' y = tyq + (x 2 + y 2 )q' y , p' x = 2xq + (x 2 + y 2 )q' x . 
Then we get from (111.420 that (x 2 +y 2 )xq' y = (x 2 +y 2 )yq' x , and therefore 
xq'y = yq' x - 
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By the same arguments, q is divided by x 2 + y 2 as well. Now lemma 
follows by induction on the degree n. □ 

oo 

Let j°°f(x, y) = Pi(x, y) be the Taylor series of /, where Pi(x, y) is 

i=0 

a homogeneous polynomial of degree i. Then every pi satisfies ( 111. 42ft 

oo 

whence j°°f(x, y) — ^ di{x 2 + y 2 ) 1 for some dj G M. By a theorem of 
E. Borel there exists a C 00 function g : M — ► R such that 

oo 

whence j°°f{x,y) = j°°g(x 2 + y 2 ), which completes our statement. 
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